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Available Hartree-Fock functions have been used to evaluate the magnetic hyperfine 
structure constants for various neutral atoms and positive and negative ions with configura- 
tions involving equiva]Lent p- and d-electrons. The necessary formulation is presented; in 
particular, the J-dependence of the hyperfine structure constant is tabulated for the mentioned 
configurations. 

Mittels vorhandener Hartree-Fock-Funktionen werden die magnetisohen Hyperfein- 
strukturkonstanten flit neutrale Atome sowie positive und negative Ionen mit Konfigurationen 
yon Equivalenten p- und d-Elektronen berechnet; der dazu notwendige Formelapparat wird 
zusammengestellt. Die ffir die erw/ihnten Konfigurationen berechneten Werte und ihre J- 
Abhi~ngigkeit werden in Tabellenform angegeben. 

On a employ6 des fonctions de Hartree-Foek pour le calcul des eonstantes de structure 
hyperfine magn6tique pour quelques atomes neutres et ions positifs et n6gatifs, qui poss~dent 
des configurations 61ectroniques avec des 61ectrons p oud ~quivalents. Les formules n6cessaires 
sont pr6sent6es. On dorme la d~pendance de J de la constante de structure hyperfine. 

Introduction 
In previous papers of this series [5--8] the values of various physical properties 

(nuclear magnetic shielding constants, diamagnetic susceptibilities, field gradients 
and quadrupole coupling constants, and Fermi contact interaction terms) for 
many-electron atoms, evaluated from analytical Hartree-Fock (HF) functions, 
have been reported. In this paper the magnetic hyperfine structure (hfs) constants, 
also evaluated from analytical Hartree-Fock functions, are presented for a large 
number of atomic systems. 

Magnetic tIyperfinc Structure 
The magnetic hyperfine structure** arises from the interaction of the nuclear 

magne t i c  m o m e n t / * I  wi th  the  magne t i c  field p roduced  a t  the  nucleus b y  an  elec- 
t r o n  of  spin  angu la r  m o m e n t u m  s and  o rb i t a l  angu la r  m o m e n t u m  l. 

* This work has been supported in part by the I~ational Research Council of Canada. 
** Only the magnetic dipole interaction, following the generaltreatment of T~E~s [13], will 

be considered in this paper. 
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The so-called dipole-dipole hyperfine structure Hamiltonian operator is 
defined by 

Ha = (2/~B/~iV~I[I) ~ (N~ ,l/r~), (i) 
i 

where/zB is the Bohr magneton, #2v is the nuclear magneton, a n d / ~  is the nuclear 
magnetic moment, measured in units of nuclear magnetons. Ni is defined by  

N~ = l~ -- s~ + 3(r~.sl) (rt/r~), (2) 

r~ being the position vector for the i-th electron, and l~ and s~ being the corres- 
ponding orbital and spin angular momentum vector operators. Similarly, I 
denotes the nuclear spin angular momentum vector operator, I being the corres- 
ponding quantum number. 

The interaction represented by Eq. (l) is the scalar product of two vectors, and 
therefore the matrix elements of Ha can be evaluated using the tensor algebra of 
RACA~ [10, 11]. These matrix elements, independent of the total angular momen- 
tum projection quantum number* M~ can be represented by 

(~J, I,  F IHa I~J,  I,  F) = 2~B~u(~/I)  (~J, L F ]  ~ (N~.I/,~) t~J ,  I,  F ) ,  (3) 
i 

where ~ is an additional quantum number required to complete the description of 
the state under consideration. But according to the Wigner-Eckart theorem 
[lg, 2], the matrix elements of ~(Nt  "lira) for any of the (2J + 1) substates corres- 

i 
ponding to a given level are proportional to those of J . l  and therefore one can 
write 

(oJ, I ,F  ] ~ (Ni.I/r~) I ~J,I ,F)  = A'(J) (ocJ, I ,F  ] J . I  ] aJ,1,F) <r-3> , (4) 
i 

leading, according to R/~CAH [10], to 

(~J, I ,F [Ha [ ~J,I ,F) = 2#B#lV(/Z~/I) A'(J) (K/2) <r-3>, (5) 

A'(J) being the constant of proportionality and K being defined by  

K = F ( F +  1) - I ( I  + l ) - -  J (J  + ~). (6) 

Eq. (5) can be rewritten also as 

(~J, I ,F [Ha I ocJ,I,F) = A(J) (K/2), (7a) 

where A(J) and A'(J) are related by the expression 

A(J) --- 2#~/~v(#~/I) <r-a> A'(J) .  (7b) 

For an atom showing L - S coupling GOUDSMIT [3] has given** for A'(J) the expres- 
sion 

A'(J) = ~(2 -- g) -- (~[6F (2 - g) -- 2(g -- l) L(L + l)]/(2L -- l) (2L + 3) (8) 

(for L ~ 0, J r 0), with (as proved by T ~ s  [13J) 

* The ~otal angular momentum projection quantum number.My has values - F  < My <_ F, 
where F is the to~al angular momentum quantum number of the atom, defined by the possible 
values 

F = (J + I),(J + I - ~) . . . . .  ]J - I ] ,  
~here J is the to%al electronic angular momentum quantum number and I is the nuclear spin 
angular momentum quantum number. 

** This expression has also been derived by T ~ s  [13]. 
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2 = [L(L + t) (2L ~- i)]-V~ ( ~ S L  II ~ l~ II ocSL), (9a) 
i 

= -- [(2L -- l)  (2L + 3)]~/, [S(S -~ ~) (2S Jr l)  L(L ~- i) (2L d- l)] -~s 

L II 2) II L), (95) 
i 

/~---- (i/2) [J(J + i) --  L(L d- ~) -- S(S -b i ) ] ,  (9e) 

g = l + [J(J -~ i)  d- S(S d- l)  --  L(L d- t ) ] / (2J  -t- i ) ,  (9d) 

where the  double bar red  matr ices  are given b y  R A c ~  [10, 11]; C~ 2) is a tensor  
operator*.  HvBBs,  MAR~vs, N ~ B ~ . R O ,  and  WO~CEST~ [4] have  also derived 
an expression for A'(J) for the  groundsta te  ( J  = L + S) of  a configuration of n 
equivalent  electrons (or of  n missing electrons) 

A'(J) = ([J(J d- i) ~r L(L + l)  --  S(S d- ~)]/2J(J d- i)} d- 

W 2[(2L -n~) /n~(2L -- l) (2l - ~) (2l + 3)] (L(L -~ l)  (g - i)  --  

-- (3/2) F[J(J  + ~) d- L(L + l)  - S(S ~r l)]/[2J(J d- i ) ] ) ,  (t0) 

where 1 is the angular  m o m e n t u m  quan- 
t u m  n u m b e r  for the  shell under  considera- 
tion, a n d / 1  and  g are given b y  Eqs. (9c) 
and (9d), respectively.  

Values of  A ' ( J ) ,  calculated independ- 
en t ly  f rom Eqs.  (8) and  (10), were found 
to  be identical. These values are collected 
in Tab.  I for var ious configurations of  
equivalent  p- and  d-electrons. 

I t  is common  to  define also the  
so-called hyperfine s t ructure  constant  a~, 
corresponding to  the magnet ic  dipole 
interact ions considered in this section. 
This cons tant  is given b y  

Table 1. Values o/ A'(J) /or 
various atomic con]igurations~ 

Conf igura t ion  S t a t e  A'(J) 

pl, p~ ~P 8/15 
p2, p4 3p 3/5 
d 1, d 9 eD 24/35 
d 2, d s a~ 5/7 
d 3, d 7 aF 44/63 
d ~, d e 5D 4/7 

a In this table the results 
are presented for the case 
J = L + S .  

a~ = 2~UBjU~V(#I/I) A'(J) (r-3) ,  

and can therefore be calculated if  the  expec ta t ion  value ( r  -3) is known. 

Results and Discussion 

The expec ta t ion  values (r-3~ were calculated f rom the analyt ical  I t a r t r ee -Fock  
functions of  C L ] ~ I  [1] and  MALLI [9]. The  corresponding values of  as, for a 
number  of  neut ra l  a toms,  posit ive ions, and negat ive  ions are presented in T~b. 2 
and  3, which include also exper imenta l  values wherever  available**. 

Comparison of  the  theoret ical  and exper imenta l  values of  the  magnet ic  dipole 
hyperfine s t ructure  constants  aa for a tomic  sys tems with  p n configurations shows 
an  excellent agreement .  I n  general the  theoret ical  values agree with the experi- 
men ta l  values within 5 % ;  the  only except ions are A127 and Cl aT, for which the  
d iscrepancy is 15% and 7 %, respectively.  

* For more details see the original work of T~ES [13]. 
** The experimental values of as, as well as the values of the nuclear magnetic moments 

#z, have been taken from R~sv.Y [12]. 

6* 
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Table 2. Magnetic hyper]ine structure constants aa /or some states a o] various neutral atoms and 
negative and positive ions with con/igurations p~ 

(in Mc/sec) 

Z M Positive Ions Neutral Atoms Negative Ions 

State aa State aa State aa 

5 10 ~P 23.7 
I1 2p 70.8 

6 13 ~P t58.9 3p t36.2 
7 t4  ap 88.7 

15 ~P - 124.3 
8 i7  ap - 215.9 
9 18 ap 406.2 ~P 307.6 

t9  3p 2669.5 ~P 2021 A 
I0 21 2p - 212.1 
13 26 ~P 31.0 

27 2p 80.6 
~4 29 2p - 150A ap - 130.6 
15 30 ~P 139.2 

31 3p 525.0 
16 33 3p 118.9 

35 ap 186.6 
17 34 3p 209.4 ~P 160.8 

35 3p 244.8 ~P 188.8 
36 3p 287.1 2p 221.5 
37 ap 203.8 2p 157.2 

31 67 2p 180.7 
69 2p t98.0 
71 2p 251.5 

32 7t 2p 339.4 8p 300.2 
73 2p - 60.7 3p - 53.7 

33 75 8p 461.4 
34 77 aP 567.7 

79 3p ~54.6 
35 79 ap t104.6 2p 856.6 

81 ap 1190.7 2p 923.3 

aP 16.0 
3p 47.9 

aP 54.8 
3p - 76.8 
~P -156.5 

8p 2t.4 
3p 55.6 

3p 89.4 
ap 337.1 
~P 88.0 
~P 136.8 

3p 122.1 
ap 133.8 
ap 170.0 

zp 300.4 
eP 420.9 
~P 114.6 

The calculated values have been obtained using the Hartree-Fock functions of CL~Mn~TI 
[1] and MALLI [9]. The experimental values of a~ for Bll(Z = 5), AW(Z = 13), CP~(Z = 17), 
Cp7(Z = 17), Ga69(Z = 3t), Ga71(Z = 31), BrT'(Z = 35) and ]~rSl(Z = 35), as given by RAMSEY 
[12], are 73.347, 94.25, 205.050, 170.681, 190.794, 242.434, 884.810, and 953.770 Mc/sec, 
respectively. 

One  m u s t  conc lude  t h a t ,  in genera l ,  H a r t r e e - F o c k  func t ions  are  a d e q u a t e  for  

t h e  e v a l u a t i o n  o f  m a g n e t i c  d ipo le  hype r f ine  s t r u c t u r e  cons tan t s .  The  d i s c r e p a n c y  

m e n t i o n e d  a b o v e  mus~ be due,  m o s t  p r o b a b l y ,  t o  an  e r ro r  in  t h e  e x p e r i m e n t a l  

va lues ,  e i t he r  o f  ad or  o f  t h e  co r r e spond ing  n u c l e a r  m o m e n t ,  a n d  th is  sugges t i on  is 
ba sed  on t h e  fo l lowing  a r g u m e n t .  

T h e  a c c u r a c y  of  t h e  ca l cu l a t ed  v a l u e  o f  aa seems to  be  i n d e p e n d e n t  o f  Z ;  for  
B n t h e  e r ro r  is 4 %  a n d  for  B r  79 a n d  B r  sl, t h e  h e a v i e s t  a t o m s  cons ide red  in  th i s  

work ,  t h e  d i s c r e p a n c y  w i t h  t h e  e x p e r i m e n t a l  v a l u e  is 5 % .  On  t h e  o t h e r  hand ,  t h e  

I t a r t r e e - F o c k  f u n c t i o n s  used  seem to  be  sa t i s f ac to ry ,  because  t h e  ca l cu l a t ed  v a l u e  
for  t h e  i so tope  C1 s5 has  o n l y  an  e r ro r  o f  4 % .  T h e r e f o r e  t h e  on ly  poss ib i l i t y  t h a t  

r e m a i n s  is t h e  one  m e n t i o n e d  above .  
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Table 3. Magnetic hyper]ine structure constants a~ ]or some states~ o] various neutral atoms and 
negative and positive ions with con/igurations d~ 

(in Me/set) 

Z M Positive Ions Neutral Atoms Negative Ions 

State a~ State aa State a~ 

21 45 3F 110.3 2D 127.i aF 98A 
22 47 aF 361 .t zF 43.3 4F 34.0 

49 ~F 361.2 3F 43.4 4F 34.0 
23 50 5D 70.0 4F 98.4 aD 67.7 

51 5D 184.4 ~F 259.5 5D 178.6 
24 53 5D 57.8 
25 55 5D 278.5 5D 273.6 
26 57 4F 10.0 5D 9A aF 9.8 
27 57 3F 489.4 aF 525.3 aF 484.5 

58 ~F 644.6 ~F 691.9 aF 638A 
59 aF 489.2 4F 525.1 3F 484.3 
60 aF 257.8 aF 276.7 aF 255.3 

28 61 3F 31.8 

Values calculated using the Hartree-Fock functions of CLEMENTI [1], 

One feels, t he re fo re ,  con f iden t  t h a t  t h e  va lues  r e p o r t e d  for  a~ for  a t o m i c  

sy s t ems  w i t h  d n conf igura t ions  shou ld  p r e s e n t  s imi la r  accu racy .  
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